Dedicated to Ted Janssen on the occasion of his 60th birthday The coordination sequence s Λ (k) of a graph Λ counts the number of its vertices which have distance k from a given vertex, where the distance between two vertices is defined as the minimal number of bonds in any path connecting them. For a large class of graphs, including in particular the classical root lattices, we present the coordination sequences and their generating functions, summarizing and extending recent results of Conway and Sloane [1] .
Introduction
Discrete versions of physical models are usually based on graphs, particularly on periodic lattices. For instance, a lattice may serve as an abstraction of the regular arrangement of atoms in a crystalline solid, and the physical model introduces suitable degrees of freedom associated to the vertices or the edges of the graph, depending on the type of physical property one intends to study. Conversely, for a given lattice model describing some interesting physical situation, one might be interested to understand the influence of the underlying graph on the physical properties of the system.
For example, an important class of lattice models are classical and quantum spin models intended to describe magnetic ordering, the famous Ising model being the simplest and most thoroughly studied member of this group. For these models, one is mainly interested in their critical properties, i.e., the behaviour of physical quantities at and in the vicinity of the phase transition point where magnetic ordering occurs. In many cases, these critical properties are "universal" in the sense that they do not depend on the details of the particular model under consideration, but only on a number of rather general features such as the space dimension, the symmetries and the range of the interactions.
In contrast, the precise location of the critical point (the critical temperature) depends sensitively on the underlying graph. It has been demonstrated recently [2, 3] that the location of the critical points for Ising and percolation models on several lattices can be well approximated by empirical functions involving the dimension and the coordination number of the lattice. On the other hand, these quantities alone cannot completely determine the critical point as can be seen from data obtained for different graphs with identical dimension and (mean) coordination number [4, 5, 6] . This poses the question how to include more detail of the lattice in order to improve the approximation. In our view, it is the natural approach to investigate higher coordination numbers (i.e., the number of nextnearest neighbours and so on) of the lattice and their influence on the physical properties of the model.
With this in mind, we started to analyze the coordination sequences of various graphs, and, in particular, the classical root lattices [7, 8] . Apart from some numerical investigation [9, 10] , this did not seem to have attracted a lot of research. However, when we finished our calculations and started to work on the proofs, we became aware of recent results of Conway and Sloane [1] where the problem is solved for the root lattices A n (n ≥ 1), D n (n ≥ 4), E 6 , E 7 , and E 8 , together with proofs for most of the results. (The corresponding sequences are not contained in [11] , but have been added to [12] .) Not treated, however, are the periodic graphs obtained from the root systems B n (n ≥ 2), C n (n ≥ 2), F 4 , and G 2 . They do not result in new lattices (seen as the set of points reached by integer linear combinations of the root vectors), but they do result in different graphs, because they have rather different connectivity patterns. We thus call them root graphs from now on.
In what follows, we present the results on the coordination sequences and their generating functions in a concise way, including some of the material of [1] , but omitting proofs. The latter, in many cases, follow directly from [1] or can be traced back to it -with two exceptions mentioned explicitly later on.
Preliminaries and general setup
The calculation of the coordination sequence of a lattice first means to specify the corresponding graph, i.e., to specify who is neighbour of whom in the lattice. In the simplest example of all, the lattice Z, each lattice point has precisely two neighbours, one to the left and one to the right. Consequently, the number s Z (k) of kth neighbours is s Z (0) = 1 and s Z (k) = 2 for k ≥ 1, with generating function
compare [13] for elementary background material on this type of approach. If we combine two lattices Λ 1 , Λ 2 in Euclidean spaces E 1 , E 2 , respectively, to the direct sum Λ 1 ⊕ Λ 2 in E 1 ⊕ E 2 , together with the rule that x = (x 1 , x 2 ) is neighbour of y = (y 1 , y 2 ) in Λ 1 ⊕ Λ 2 if and only if x 1 is neighbour of y 1 in Λ 1 and x 2 is neighbour of y 2 in Λ 2 , the new generating function is a product:
A direct application to the situation of the cubic lattice Z n immediately gives its generating function
which (accidentally) coincides with its θ-function [7] . Similarly, if we know the generating functions for certain lattices, we can extend them to all direct sums of this type. It is thus reasonable to take a closer look at the root lattices (see [7] for definition and background material and [8] for details on the underlying root systems and their classification). In view of the previous remark, it is sufficient to restrict to the simple root lattices which are characterized by connected Dynkin diagrams [8, 7] . The corresponding graphs are obtained by the rule that a lattice point x has all other lattice points as neighbours that can be reached by a root vector. Note that, due to this rule, all root systems will appear. As an example, consider A 2 and G 2 : they define the same root lattice, but different graphs and hence different coordination sequences, see Figure 1 . Also, F 4 defines the same lattice as D * 4 , the dual of D 4 and equivalent to it as a lattice, but not the same graph. Similarly, B n (for which the root lattice is just Z n ) and C n (whose root lattice coincides with that of D n ) define different graphs for n ≥ 3, while those of B 2 and C 2 are equivalent (they yield a square lattice with points connected along the edges and the diagonals of the squares). In all examples to be discussed below, the generating function is of the form
where Λ is a lattice in n-dimensional Euclidean space and P Λ (x) is an integral polynomial of degree n (for a proof of this statement for the root lattices, see [1] ; the remaining cases rest upon the proper generalization of the concept of well-roundedness to root graphs). It is therefore sufficient to list the polynomials in the numerator of (4) for the lattices and graphs under consideration.
Results
Although we shall give the generating functions below, the explicit values of the coordination numbers s Λ (k) of root graphs Λ in dimension n ≤ 8 are, for convenience, shown in Table 1 for 1 ≤ k ≤ 10. Note that, by definition, we set s Λ (0) = 1 in all cases. The coordinator polynomials P Λ (x) of the root graphs belonging to the four infinite series turn out to be given by
In all cases, the coefficients of the polynomials are rather simple expressions in terms of binomial coefficients
The results for the graphs A n (n ≥ 1) and D n (n ≥ 4) are just those contained in [1] , and the polynomials for C n (n ≥ 2) can be derived by the methods outlined there, if one observes that the longer roots of C n generate a sublattice that is equivalent to Z n . However, the expressions for B n (n ≥ 2), as those for D n (n ≥ 4) here and in [1] , are conjectures based on enumeration of coordination sequences for a large number of examples. The striking similarity between B n and D n might actually help to find a proof. The connection is rather intimate: while all roots of B n generate Z n , the long roots alone generate D n , and each point of B n can be reached from 0 by using a path with at most one short root.
For the three root graphs related to the exceptional (simply laced) Lie algebras E 6 , E 7 , and E 8 , the coordinator polynomials read 
as has been proved in [1] . Finally, for the two remaining root graphs we find
Let us give an explicit proof for the last example. Clearly, s G 2 (0) = 1 and s G 2 (1) = 12. Then, for n ≥ 2, one can explicitly show that the graph G 2 , in comparison to A 2 (which also happens to be equivalent to the lattice generated by the long roots of G 2 , see Figure 1 ), has a shell structure with s G 2 (n) = 2s A 2 (n) + s A 2 (n − 1) = 18n − 6, from which the above statement follows. By similar arguments, the other examples with short and long root vectors can be traced back to the lattice case; the corresponding shell structure of the root graph Table 1 : First coordination numbers of root graphs of dimension n ≤ 8
is defined by the coordination spheres of its sublattice generated by the set of long root vectors.
Finally, it is interesting to note that the coordination sequences for root graphs Λ of type A n , C n , D n , and E 6 result in self-reciprocal polynomials P Λ (x), i.e.,
while the others do not; for a geometric meaning of this property we refer to [1] .
Outlook
We presented the coordination sequences and their generating functions for root lattices and, more generally, graphs based upon the root systems, namely for the series A n (n ≥ 1), B n (n ≥ 2), C n (n ≥ 2), and D n (n ≥ 4), and for the exceptional cases E 6 , E 7 , E 8 , F 4 , and G 2 . Proofs of various cases can be found in Conway and Sloane [1] or directly based on their results, but the generating functions for B n and D n are still conjectural at the moment.
